Abstract. For each n ≥ 2 we construct a measurable subset of the unit ball in R n that does not contain pairs of points at distance 1 and whose volume is greater than (1/2) n times the volume of the unit ball. This disproves a conjecture of Larman and Rogers from 1972.
T n = { x ∈ R n : x 1 > 1/2, x − ae 1 < 1/2, x < 1 } and set S n = T n ∪ −T n . The set T n is the intersection of the open ball of radius 1/2 centered at ae 1 with the open ball of radius 1 centered at the origin and the open halfspace x 1 > 1/2. It is easy to see that T n does not contain pairs of points at distance 1, and hence neither does S n . This is the counterexample to the conjecture 1 , as is shown below; see also Figure 1 .
The volume of the unit ball B n is v n = π n/2 /Γ(1 + n/2). So
This gives vol S 2 / vol B 2 = 0.2848 . . . and vol S 3 / vol B 3 = 0.1563 . . .. Actually, for n ≥ 3 it suffices to use the lower bound
to disprove the conjecture. It is known that the volume of the unit ball is concentrated around the equator 2 : if n ≥ 3 and c ≥ 1, then (−a, 0) (a, 0) Figure 1 . The set S 2 . The parameter a is chosen so that ae 1 is equidistant to the hyperplane x 1 = 1/2 and the hyperplane that contains the intersection between the spheres x = 1 and x − ae 1 = 1/2; this choice for a maximizes the volume of T n .
From this inequality one gets immediately the asymptotic relation
In other words, in high dimension it is almost possible to fit two balls of radius 1/2 inside the unit ball instead of only one like conjectured by Larman and Rogers.
Choosing an appropriate constant c, one shows that vol S n / vol B n > (1/2) n for all n ≥ 15; the remaining cases can be checked directly.
One of the original motivations of Larman and Rogers in proposing their conjecture is that it is related to another, still open conjecture of L. Moser, also popularized by Erdős, on the global behavior of sets avoiding distance 1. This conjecture states that the upper density 3 of any measurable subset of R 2 containing no pair of points at distance 1 is less than 1/4; Larman and Rogers' conjecture would imply that any such subset of R 2 has upper density at most 1/4. Note that Larman and Rogers' conjecture, if it were true, still would not imply Moser's conjecture. Indeed, Larman and Rogers' conjecture says that a closed subset of the unit disk that avoids distance 1 has area less than 1/4 times the area of the unit disk; this in turn implies that the area of a measurable subset of the unit disk that avoids distance 1 is at most 1/4 times the area of the unit disk.
The construction of S n shows that the local behavior resembles the double cap conjecture [5, Conjecture 2.8], which states that the union of two antipodal spherical caps of radius π/4 each is a maximum-area subset of the unit sphere having no pairs of orthogonal vectors; see DeCorte, Oliveira, and Vallentin [4] for more information on these conjectures. 3 The upper density of a Lebesgue-measurable set X ⊆ R n is sup p∈R n lim sup
Intuitively, it is the fraction of space covered by X.
